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Linearization

* Approximate a nonlinear system by a linear one
> (unless it’s linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — insight and intuition
e Consider a scalar system first

* in state space form with additive input (for simplicity)

d

Zalt) = fa(t) +u(t) S

* step 1: choose DC input u”
> find DC soln. x*

0= f(x™) + u": solve for x*
> xX* is an equilibrium point

- aka DC operating point
 for input u*

(z)
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| Linearization (contd. - 2) |

* DC operation (equilibrium), V|ewed N tlme

W= {00+ o) F—

Linearized
System

* Now, perturb the input a little: «(t) = u” +

. Suppose X(t) responds by also changing a little

e 2(t) =z —|—.<-—-ASSUMED small’

. Goal fmd system relating Au(t) and Ax(t) directly
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| Linearization (contd. - 3) |

e Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+AXx) in Taylor Series

1 d?
L1

2
R

x*

inaccurate for
larger Ax

accurate for

small Ax "\
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Linearization (contd. - 4) |

* applying the Taylor linearization

* (move to xournal) s
4x . 76()({"3) Fu@E) | wiH Du=dHon) cak 2) kO XAx (O
J A df 4¢ ol Hhis T
— gl
xT* ;i!%()(”# bﬂé)) = /f/(({-&— %L“ AL TN +}}<_A“[F)

/d:c

1
4,13%({’) ~ Tax(e) « dul®) FE—LINEAR\ZED SYSTEM
[e

ORIGINAL

bl W=+ 6 "~

t)

\ LINEARIZED

—_— _
%Ax(t) =

JAz(t) + Au(t)

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury)

Slide 5



| Linearization of Vector S.S. Systems |

* Now: the full S.S.R: %f(t) = F(&(t), d(t)))
e step 1: find a DC. op. pt. (equilibrium pt.)

even using computational methods

e (= f(;tg*, U+t D‘CinySolving for this is often difficult,
DC solution
* The linearized System IS (see handwritten notes for derivation)

d
@Atf(t) = «tfx(a?*, T)AZ(L) + J (&%, T) Ad(t))
n-vector nxn matrix nxrr{ matrix \m-vector
* What are J,and J, ?

* called Jacobian or gradient matrices
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| Jacobian (Gradient) Matrices

L1

—

J(Z, 1) =V, f(Z, 1) =
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| Example: Linearizing the Pendulum |

A7 [ v
e Pendulum: & '{ :

— Y uin (6D — Kin Ve +_%‘_?l
W

//

0 +FricTion

(
\ ex fevned fuce
e (move to xournal) ” ble)
S © 45@((5} 1 —
x= oy, |2 ¢ lf_\
_ W\%thfo)
— DC rpaFs =0 = W (w frce)
— D b RO={5] = X' (€59, Giz0) 1 ak vest
—> Thevefwe AZX , Anzu —> WS & gmall | Gz KO i sl
nedvix T‘ Mo
— TIo o YI A 3 =0
) "‘\ A ey
Y
-9 —k wlQ
A,(" /9' /m + wi
[

e Compare against sin(0)=0 approximation (prev. class)

aF_ )1 % N5~ [°
A€ ~§/L —%n }n
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Where We Are Now

continuous AND discrete systems

\

STATE SPACE
FORMULATION

NONLINEAR

Any kind of system
(EE, mech., chem.,

optical, multi-domain,

)

LINEARIZATION

This and future lectures

practically
useful

engineered

systems

FEEDBACK

controllability
observabilit
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| Pendulum: Inverted Solution |

) E - Vo s _\® X a=_@a((—ﬁ
* Pendulum: {_Mwo)_%% "Pé"?l > E«,]

* DC input: b(t) = b* | i b
e DC solution: dx/dt = 0 — vy = 0, %Sin(ﬁ) — 2~ sin(9) =

ml mg

1

sin(f)
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| Inverted Pendulum: Linearization

dx - Vg o E}e ] s (L&) non-inverted
-, .}
A€ =3 sun (6D — Ky Ve —+ 59 /

0 1 A [-" :_PJF (J'O:_“;J

o J.(75,0) = |:—%COS((9§) _%

e | inearization: % [AAfQ(Q)T - [
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Pole & Cart (Inverted Pendulum ++)|

* Slightly more complicated example

: (Om
ie/
U
—» M
QO
Yy
j = ! £+92[sin9— sin 0 cos 6
a M 1 sin?6 \ m 8
. 1 : M
0 = —icosﬂ—ez(cos()sinGJr +mqsin9
((M +sin” ) m m ©

e — discussion / HW
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Stability

* Basic idea: perturb system a little from equilibrium
* does it come back? yes — STABLE

* More precisely:
* small perturbations — small responses

Au(t) ——"“small”

yd

BIBO STABLE

BIBO = bounded input bounded output
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| Stability (contd. - 2) |

S w o Sl o
~— (t, > XG
S / AN N TINGY Sy -

X

Ac \—/
u*

Au(t) =——"“small” ’AxQ*ﬂ / /

v
%M

becomes large

o V\/(/ -
UNSTABLE U d
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| Stability: the Scalar Case |

real
* Analysis: start w scalar case: %A:p(t) = a‘A/x(w bAu(t)
> [already linear(ized); everything is real] input term (convolution)

initial condition term\ /“ |

t
e Solution: Az(t) = Az(0)e® + / (=) pAu(r) dr —€e*" * (DAu(t))
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]
* The initial condition term: Az(0)e* . Say Az(0) # 0.

a<0: dies down a>0: blows up a=0: stays the same
STABLE UNSTABLE MARGINALLY STABLE
Ax(6 '

Gx

at 40 Ax&
€ fo / Axoyg

4

Ax(e)

Axtd)

e t— =
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| Stability: Scalar Case (contd.) |

o Solution: Az(t) = Az(0)e* + /t e =) pAwu(r) dr —e % (bAu(t))
0

f
* Can show (see handwritten notes):\ input term (convolution)

o if a<0: e x (bAu(t)) bounded if Au(t) bounded: BIBO stable
o if a>0: e x (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE
o if a=0: e x (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE

a<0: BIBO STABLE a=0: UNSTABLE

~ ="+ Ax(t)

N

= u* + Au(t) b B \

=<1 I /@—7‘5&‘-%““’ 4*\ 2 f *
NN (/

: /]

V|
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The Vector Case: Eigendecomposition

* The vector case: iAf(t) = AAZ(t) + BAw(t)
dt ~

> [already linear(ized); everything is real] real matrices
* Can be “decomposed” into n scalar systems
* the key idea: to eigendecompose A
* (recap) eigendecomposition: given an nxn matrix A:*

eigenvectors eigenvalues

B -
AZS .

“1 A = |7 T P
N R _U \.JL.‘ L J
~ i 1 0 HEE 7
‘%L—-/L - S
I
I L I | L N I A v
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| Eigendecomposition (contd.) |

* eigenvalues and determinants
» A=\ s |(A-M)p=0
\

must be singular in order to support a non-zero solution for

cje,det(A—X)=0

o pa(N) 2ldet(A— M) = A"+, X" L ed 4o

\

characteristic polynomial of A

* the roots of the char. poly. are the eigenvalues
e factorized form: pa(A\) = (A= A1)(A = A2) - (A= Ay) =0
e in general, n roots — n eigenvalues {A,, A, ..., A }
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| The Vector Case: Diagonalization |
* Applying eigendecomposition: diagonalization

> (move to xournal) — gue AR ¢eF0 et e
A / he _:'; w;)\,_n ﬂg./Mt\"llN}T
—f REALY A tevested T ole
— eisedtcompue A A= P—(\—P "w:‘i MWMM(V o
A‘h\ '(‘\ b QQ"\ ab, '{'\
y Ayt A'1==»C'f) — A& - PP SRd) + B Eat)
r l(r(’
A \ e (P mab) B A A = S &)~ Flp sl
) A‘J*J"‘ B (6). A€
— s b (F AU = L (PAED +(F3) 53
- —_— — R — —
call Hais BJI) , e, DY B P &) & &)z PAYK)
3 Aqile = O = AbilE)
d — A A”(e) _(\,A\b(’c) ~ (F'p) AnE)
Ae/ \/\/\/\F\_

ol Amis BB ie, Bowr=(F'BYERID)

EQUIVAMLENT DFECOUPLED SYSTEM

: : 459,10
> L\(ﬂ*[ £y “Nihga-A6, 1 ]

pio | b aq D oo \
=>4 b, 19— 4:}.5)\1&314.&!9,« _?—-3_____) mevge %’ \J --?H) ely by A.._)_: )
:'l - dyntty N

...; 0 b n ”‘) AS“'= N\Ajn? Ahﬁu‘) >

n independeat (dccomphdd SCACAR
| Systens
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| Stability: the Vector Case |

o _c!__ Aj}[[-) = A ﬁh\ﬂ{ (£) Ab;’{-} provided A, is REAL\)\Z. < 0

at i=1,---.,n /

e System stable if each system is stable

* Complication: eigenvalues can be complex

* reason: real matrices A can have complex eigen{vals,vecs}
* examples: (also demo in MATLAB)

p e
-y O - 2 "j :] -J' I ( -) ‘G
P

-\
£ ~ |\ |-z -3 1+
> | o 1 - i‘-ﬁ‘ £ \-j—“‘ | K rr-;]
- L o1 I I
R & &l '§
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| Stability: the Vector Case (contd.) |

* If A real, eigen{v,v}s come in complex conjugate pairs
* Ap; = Aipi = ADi = Aipi = AP = A i
* Implications (details in handwritten notes)

* internal quantities in the decomposition come in conjugate pairs
> the rows of P, Ab.(t) the eigenvalues \;, Ay (t), the cols of P p;

o complex conjugate

AT =BAGE) Zp iAYi(t) pair (say): sum is real real (say)
real (say i=1 / \ /
— p1Ay1( ) +g?2Ayz( ) +Z73A?/3(t2 + -+ + PrAyn(t)

j component/ derived from A + JA; = A2 = Ag
t of vector Ay,(0) and p> IC term
Ayl(())e)‘lt—k/ eM(t=7) Aby (1) dr \ 7~

: : . GArt [COS()\it)A?jij (0)—|— SiIl()\z't)qu;j (0) +
just like the real scalar case 8 X
{eM? cos(Ait) } * {Abij (t)} + {eMsin(A\it) } {Abij(t)}

input term (convolution)/ \ derived from/

Ab,(t) and p>
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| Stability: the Vector Case (contd. - 2) |

e |nitial condition terms:e*" [cos(\it) A% (0) + sin(At) Agi;(0)]

A <0: envelope dies down A >0: envelope blows up A =0: const. envelope
STABLE UNSTABLE MARGINALLY STABLE

} L %?ﬂ/wm\/xfﬂw>
el W AR
s et —| R

e Input conv. terms: {e** cos(xit) } = { Aby; () } + {e sin(A)} «{aby (1)
llusing the real parts of complex eigenvalues
> if A <0: bounded if Au(t) bounded: BIBO stable

> |f 7\,r>01 unbounded even if Au(t) bounded: UNSTABLE
> if A =0: unbounded even if Au(t) bounded: UNSTABLE
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Eigenvalues and Responses (continuous)‘

complex plane for plotting eigenvalues

complex, -ve real part
: - : :

complex, +ve real part
9 15 T T T T T
1 10
0.5
5t

4

-0.51

- L L I L L I L L Ex-: 5 L L L L L L L
0 0.5 1 1.5 2 25 3 35 4 45 i _: :. . v 0 0.5 1 1.5 2 2.5 3 3.5 4 45 5
fime i : time
real, negative : H
1 ‘ ; ; : :
0.8f 7 H :
06f :
041 _: ::
02f 0
"":
0 ! ! L ! ! ! L L |
0 05 1 15 2 25 3 35 4 45 5
time
0 ! : ! ! ! !
0 0.5 1 iz5: 2 2:5 3 3.5 4 4.5 5
0 0.5 1 1.5 -] 25 3 25 4 4.5 £ i
EE16B ing 2018, L 5 fime
6 , Sprlng 0 8, ectures on LIneaiizauui aiu wdivinty ywyundwanury) Qllge £o



| Eigenvalues of Linearized Pendulum ‘

* (move to xournal) . !
—j& _L-_/ 4.ul‘«—\
‘[ went Mmon-Zervo Uk an
>\“7_= —-‘L .._I:—_ _{_J u-‘].- . l\. AJD— Af = (A z\L)P o = . ‘3‘;0
1 wW© = Y g (B
L 2 o~~~
At(/ckmu o
» (A kfin) +13 te D W (3 +f’ o D xm:fk 1 _u__i_%

plot eigenvalues as k changes

k:o (l,.a —f[-'(,;ﬂl'oh)
/A/ j2o ' (run pendulum_root_locus.m)
" |
i
//
% H—=0
= ?.W\E b
CRTICAL DAUPIC always stable if non-zero friction s
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Eigenvalues of Inverted Pendulum |

k
always real, always greater than or=
m

one eigenvalue always positive!

always unstable!

(dw?c - N_'-:E h-0 /G-s.;?c E.:N_?.ﬂ. L-o
_ / £ b
¥ - —- — &
- | S

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 25



'Stability for Discrete Time Systems|
real
* The scalar case: Azt +1] = a‘&;[t] AU, 1C AX[O]
> [already linear(ized); everything is real] =~ ¢ o eoa s be

ORz] = o Me(] 4 GAE] = OAX[S) + ab Duls) + bAwL(]

> (move to xournal?) €51 up = e« oer = otoCar LAt abhaTTe LAsE)
t L~—> DXED = &by + f"bAuc~?+ e+ -+ abBufe-2] + LAuCe-d
o Azx[t] = a'Ax[0] + g a'"bAufi — 1] I
fom A et e
/ i=1 \
IC term input term (discrete convolution)

e Initial Condition term: a*Az[0]

MARGINALLY STABLE MARGINALLY STABLE

0

UNSTABLE -1 STABLE STABLE 1 UNSTABLE

O<a<1: dies down -1<a<0: dies down a>1: blows up a<-1: blows up a=1: constant a=-1: constant
STABLE STABLE UNSTABLE UNSTABLE MARGINALLY STABLE MARGINALLY STABLE

I W ];mmm : 1]
l“WUUUJT | ,mmHmH‘H

jéillllllll "
EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 26



Scalar Discrete-Time Stability (contd.) ‘

* Solution: Az[t] = a’Az[0] + ) a'*bAuli — 1]

1=1

e Can show (see handwritten notes):\input term (d. convolution)

e if |a|]<1: bounded if Au(t) bounded: BIBO stable
e if |a|>1: unbounded even if Au(t) bounded: UNSTABLE
e if |a|=1: unbounded even if Au(t) bounded: UNSTABLE

la|]<1: BIBO STABLE

A i) " + Ax(t)
* ¢ ~— X
@ Wt duld wo fet+n= | xo . \ o u” + Au(t)
S l O e S ] 1 12 El
1+ ot
U I - 1 ) U*T ? I e ! - l )
/Au(t) AwQ\ Au(t)
K r ! 11 ? /
T T3 ’l‘l : 1 97.1‘
t— t—
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we) Jrt+1) =
), ult -~ ! T

~

-~

~—
8

xED
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Discrete Time Stability: the Vector Case|

* The vector case: AZ[t + 1] = A\Af[t] + J}-?Aﬁ[t]

> [already linear(ized); everything is real] real matrices
e Eigendecompose A: A = PAP~!
e Define: Ayt = P 'AZ[t] < AZ[t] £ PAy
o Ab[t] £ PTLAG[L] scalar R
e Decomposed system: Ag;[t + 1] = M AG[t] + Ab;[t]
e same as scalar case, but A, now complex

* same form for AZ|t| as for the continuous case
> complex conjugate terms always present in pairs — AZ[t| real

e Stability:
e BIBO stable iff |A\;| <1, i=1.... n
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‘ Eigenvalues and IC Responses (discrete) ‘

complex plane for plotting eigenvalues

complex, magnitude < 1, theta

real, negative, magnitude > 1
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Summary

e | inearization

e scalar and vector cases
> example: pendulum, (pole-cart)

» Stability
e scalar and vector cases

> continuous: real parts of eigenvalues determine stability
* pendulum: stable and unstable equilibria

- eigenvalue vs friction plots (root-locus plots)
> discrete: magnitudes of eigenvalues determine stability
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