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Linearization and Stability
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Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition
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Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition

* Consider a scalar system first
* in state space form with additive input (for simplicity)

d
Za(t) = f(a(t) + u(t
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Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition

* Consider a scalar system first

* in state space form with additive input (for simplicity)

d
Za(t) = f(a(t) + u(t

e step 1: choose DC input u”
> find DC soln. x*

0= f(z™) + u™: solve for x*
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Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition

* Consider a scalar system first

* in state space form with additive input (for simplicity)
d S
—a(t) = fle(t) +ult) =

e step 1: choose DC input u”
> find DC soln. x*

0= f(z™) + u™: solve for x*
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EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 2



Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition

* Consider a scalar system first

* in state space form with additive input (for simplicity)
d S
—a(t) = fle(t) +ult) =

e step 1: choose DC input u”
> find DC soln. x* _ —u”

0= f(z™) + u™: solve for x*

Xr —

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 2



Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition

* Consider a scalar system first

* in state space form with additive input (for simplicity)
d S
—a(t) = fle(t) +ult) =

e step 1: choose DC input u”
> find DC soln. x* — —u”

0= f(z™) + u™: solve for x*

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 2



Linearization

e Approximate a nonlinear system by a linear one
> (unless it's linear to start with)

* then apply powerful linear analysis tools
> gain precise understanding — Insight and intuition

* Consider a scalar system first

* in state space form with additive input (for simplicity)

d S
La(t) = f(t) +ult) 2

e step 1: choose DC input u”
> find DC soln. x* — —u”
0= f(z™) + u™: solve for x* '
> X* Is an equilibrium point

» aka DC operating point 7™ r —
 for input u”
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

.
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

t —

* Now, perturb the input a little: u(t) = v* + Au(t)
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

s
P E%
N W) X6
S ™
Fa*
‘small”

* Now, perturb the input a little: u(t) = v~ +
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

N
=

G

t —
“small”

* Now, perturb the input a little: u(t) = v~ "‘
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Linearization (contd. - 2)

 DC operation (equilibrium), V|ewed In time
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

Ve

) r" 4+ Ax(t)
&

/o

“small”

* Now, perturb the input a little: u(t) = v~ "‘
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

) r" 4+ Ax(t)
&

/o

“small”

* Now, perturb the input a little: u(t) = u” +

* Suppose x(t) responds by also changing a little
* x(t) = 2" + Ax(t)
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time

) r" 4+ Ax(t)
&

XG) / /\ X

“small”

* Now, perturb the input a little: u(t) = u” +

. Suppose X(t) responds by also changing a little

e 2(t) = x +.-——ASSUMED small”
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time
= r" 4+ Ax(t)

N
=

* Now, perturb the input a little: u(t) = u” +

. Suppose X(t) responds by also changing a little

e 2(t) = x +.-——ASSUMED small”
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time
= r" 4+ Ax(t)

N
=

XGE)

* Now, perturb the input a little: u(t) = u” +

. Suppose X(t) responds by also changing a little

--—-ASSUMED small”

. Goal flnd system relating Au(t) and Ax(t) directly
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Linearization (contd. - 2)

 DC operation (equilibrium), viewed in time
= r" 4+ Ax(t)

N
=

\ Linearized
System

* Now, perturb the input a little: u(t) = u” +

. Suppose X(t) responds by also changing a little

--—-ASSUMED small”

. Goal flnd system relating Au(t) and Ax(t) directly
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

df AI1dzf
dr| . $|2d3:2

T xr*

f(z" + Az) >~ f(z™) Ax® + -
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

1 d*f
| Ar? 1 ...
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1 d2f
| /\ 2
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

1 d*f
| Ar? 4+ ...
2 dx?|_, v
.
~
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

1 d2f
| /\ 2
2 dx?|_, v
. slope
=
S
_u:‘k
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

1 d*f
| Ar? 1 ...
2 dx? T

:I:*

. slope
=
S
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

1 d2f
| A.CCQ _l_ . o o
2 dx2 -
. slope
3 accurate for
- small Ax "\
» =
. &
—U ] :
o, -
E '
: :
/
' 1 Az
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Linearization (contd. - 3)

* Basic notion: replace f(x) by its tangent line at x*
* Mathematically: expand f(x*+Ax) in Taylor Series

1 d2f
I A.CCQ _l_ . o
2 dx2 -
inaccurate for
. slope larger Ax\
3 accurate for
- small Ax "\
= —’U,}k i
o 1
E 1
: i
: I
- |
|
]
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Linearization (contd. - 4)

e applying the Taylor linearization
* (move to xournal) PR

Ax j((ﬂﬂ) +ule) | it Du= KHDAR) pndk 2) 2E) = X - Ax (€)
d€

His T

1
;’-_L x4 DY) = /f’(/)+ iﬁ_{- Ay + NS
JAEH( ’ jc Aw L‘k /
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Linearization (contd. - 4)

e applying the Taylor linearization

‘—} {_f’f* _] -+ L-'L*: O

= fx©) +ue) c,.n% )u DAl pod 2) A= XT+Ax (6)

df'
"j (F + BUO) = jc// ﬂliﬂ-r FBG(F)
,;i".h

B Axtey ~ Toax(ed « &ol¥) LINEAR\ZED  SYSTEM

V'
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Linearization (contd. - 4)

e applying the Taylor linearization

‘_} fex*)auwF =0

KEO) + ule) | it ] )u WCH DRI ok 2) 26D = X - A [€)
a9 e "'"
d$ . d 5 D) = AR + L’S.mF
T 4 (x+ b f// J} 28) (#)
& Actey ~ Tax(ed « &al®) LINEAR\ZED  SYSTEM

V'
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Linearization (contd. - 4)

e applying the Taylor linearization

‘_} fex*)auwF =0

= fx©) +ue) c,.n% )u DAl pod 2) A= XT+Ax (6)

df’
dx p* .':E (x ¥ D) = )C// ﬂ';{ﬂ-ur +Bn(F)
;:f'?-

LINEARV2ED SYsTeM

ORIGINAL
i—-g(x)+ 'S0 ) *
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Linearization (contd. - 4)

e applying the Taylor linearization

‘_} fex*)auwF =0

= fx©) +ue) c,.n% )u DAl pod 2) A= XT+Ax (6)

df’
dx p* .':E (x ¥ D) = jC// ﬂ';{ﬂ-ur +Bn(F)
;:f'?-

LINEARV2ED SYsTeM

ORIGINAL
i:§(x)+ 'S0 ) *

\ L INEARIZED

d
—"—-Az(t) =
TR
JAx(t) + Au(t)

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 5



Linearization of Vector S.S. Systems

e Now: the full S.S.R: %f(t) _ (&), 7))
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z;( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
o 0= f(&,a")
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Linearization of Vector S.S. Systems

e Now: the full S.S.R: %f(t) _ (&), 7))

e step 1: find a DC. op. pt. (equilibrium pt.)
o () = f(f*jﬁié— DC input
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Linearization of Vector S.S. Systems

e Now: the full S.S.R: %f(t) _ (&), 7))

e step 1: find a DC. op. pt. (equilibrium pt.)
o () = f(f*jﬁié— DC input

t

DC solution
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Linearization of Vector S.S. Systems

e Now: the full S.S.R: %:?;’(t) _ (&), 7))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f(&*,@5~DC input Solving for this is often difficult,

l /even using computational methods
DC solution ° °

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 6



Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f( ", =~ DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

dim(t) = J(&F, @) AZ(L) + J, (7, @) Ad(L))
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f( ", =~ DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

imm — (7, T)AT) + T (T, T)AG())

L

n-vector
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f( ", =~ DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

imm — L (F, T)AT) + T (T, T)AG())

L i

n-vector nxn matrix
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f( ", =~ DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

im;(t) = I (7, @) AZ() + T, (7, @) Ad(t)

' 1 \m vector

n-vector nxn matrix
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= (f*a u<—DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

imm _ L (F, T)AT) + I, (T, T)AG())

' 1 / . \m—vector

n-vector nxn matrix nxm matrix
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f( ", =~ DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

d

_Atx(t) T Jo (27, u")AZ(t) + Ju (27, 0") Au(t)

n-vector nxn matrix nxrr{ matrix \m vector
* What are J, and J,, ?
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Linearization of Vector S.S. Systems

* Now: the full S.S.R: —t:z:( ) = F(Z(t), d(t)))

e step 1: find a DC. op. pt. (equilibrium pt.)
e 0= f( ", =~ DC input Solving for this Is often difficult

l /even using computational methods
DC solution ° °

* The linearized system 1S (see handwritten notes for derivation)

d

_Atx(t) T Jo (27, u")AZ(t) + Ju (27, 0") Au(t)

n-vector nxn matrix nxrr{ matrix \m vector
* What are J, and J,, ?

* called Jacobian or gradient matrices

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 6



Jacobian (Gradient) Matrices

L1 _
. (03]
o [f:z(t)=| |, da(t)=
: U,
_$ . L Y

—
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Jacobian (Gradient) Matrices

L1 L _ -
: U1 fi(@e, - ansur, - um)
o [f:z(t)=| |, at)y=1|: |, [f(@ua)= then

' U, fa(@e, - Tpiur, - Uy

ofr oh .. 0t df1

Ox1 Oxo Ox.,,_1 oz,

of»  0f» ... _Of  0f

— 0xq Oxo OTp—1 OTn

m(%u)— ﬂ_jf(a?,,u)—% — _ _ : _

fjﬂ* 8fn—1 afﬂ—l oo 8f'm—l afﬂ—l

0x1 Oxo 0L, —1 Oxn

Ofn Ofn ... fn 9 fn

0x1 Oxo 0L, _1 ox,
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Jacobian (Gradient) Matrices

L1 I _ _
: ul fl(ajlj... jiﬂﬂ,;ulj.'. juﬂl)
o [f:z(t)=| |, at)y=1|: |, [f(@ua)=
' U fo(Ty, - s xpsur, -, Up)
_:I:ﬂ_ ) ] ) ]
[ of1 of1 . 0 f1
nxn matrix— ‘33@; gfcj 8%”}; !
— ox1 Oxo O,
fjﬂ* 8fn—1 afﬂ—l oo 8f'm—l
0x1 Oxo Oxyp_—1
Ofn Ofn Ofn
0x1 Oxo OTn—1
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Jacobian (Gradient) Matrices

o |f:&

Jiﬂ(f? ﬁ:) — me(:f? ﬁ)

i(t) =

of
0T

T, U

f(Z, 1) =

nxn matrix——"[

2y

[|>
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fi(xy, -

_fﬂ (’131:, A

df1 0J1
811’31 811?2
df2 0 f2
8331 8332

8fn—1 afﬂ—l
833'1 8:132
Ofn O fn
0x1 Oxo
- 01 O f1
Ou1 Ouo
Jf2 df2
811,1 Bug

8fn—1 afﬂ——l
(9’11,1 8152
Ofn Ofn
Ouq Ouo

aum—l

afﬂ—l

aum—l

O fn

aum—l

then

dJ1
0T,
df2
ox,,

afﬂ—l

0L,

Ofn
ox,

dJ1
OUrn,

0 f2

OUqn,

afn —1
OUm
Ofn

OUqn,
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Jacobian (Gradient) Matrices

o |f:&

Jiﬂ(f? ﬁ:) — me(:f? ﬁ)
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i(t) =
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ou

—
—

T, U
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nxn matrix——"[

>

nxm matrix—
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—_ nd, wz i,
— DL irpuk O =0 = W Cwr fovee)
—DC b s RO={8] = X' (659, Y4:0) : ab vesk

— ﬂ-cdrﬁv.: A= X , Anzu — wley o gmall , Bz XY & el

Padax: T

. — "1-:
J;_:_ ° SN — —1. ) 3—[‘:*-: ©
_— ' _ 41
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— DL irpuk O =0 = W Cwr fovee)
—DC b s RO={8] = X' (659, Y4:0) : ab vesk

— ﬂ-cdrﬁv.: A= X , Anzu — wley o gmall , Bz XY & el
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* Pendulum: ¢

X (E_Nmo-[f] 'R‘v(_ff
L)

—_ nd, wz i,
— D ;lhf,n.l‘r-; wey =0 = 'L-"-.-J‘It (o :ﬁ-«:s)
—DC b s RO={8] = X' (659, Y4:0) : ab vesk

=3 e

— ’ﬂ.._,-:._.al-.‘(q,; A X , Anzu —3 wley & small | iz K€Y e sell

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 8



exberndd fvce
L)

-———P‘i:-l., wy= L .

— FI:K:_ -Jh}:l-..ﬂ.lf-'; U-.[:F}E O = 1';.-I'~.-j'It fn'ﬁ. »fn’:rﬂ)
—DC b s RO={8] = X' (659, Y4:0) : ab vesk

=3 e

— ’ﬂ.._,-:._.al-.‘(q,; A X , Anzu —3 wley & small | iz K€Y e sell

f‘_f____ O 150+ [° 3w
d(' -_'9/!. ___%; J;l
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Where We Are Now

Any Kind of system
(EE, mech., chem., STATE SPACE

optical, multi-domain, FORMULATION
...
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Where We Are Now

continuous AND discrete systems

\

Any Kind of system
(EE, mech., chem., STATE SPACE

optical, multi-domain, FORMULATION
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Where We Are Now

continuous AND discrete systems

\

NONLINEAR

Any Kind of system
(EE, mech., chem.,

STATE SPACE
FORMULATION

optical, multi-domain,

2)
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Pendulum: Inverted Solution

A% - v < ——
* Pendulum: I(T.f - 9_ E’[;‘l *® = Efi:l) &= (616}
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e DC solution: dx/dt =0 — v, = 0, %Siﬂ(@) .

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 10



Pendulum: Inverted Solution

. A% - P Ve o= (b
* Pendulum: = ;l Eﬁ,]’ (o)

= ¥ Sun (6) — k‘/m Vg —+ 9

\

* DC input: b(t) = b* - b
* DC solution: dx/dt =0 — vy = 0, Zsin(h) = — = sin(f) =
[ ml mg
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Pendulum: Inverted Solution

A% -| v 5 s+ fure
* Pendulum: &= =| "’“;'l - [9] = (br6)

* DC input: b(t) = b*

* DC solution: dx/dt = 0 — vy = 0, %Sin(e) _

sin(f)
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Pendulum: Inverted Solution

A% _[ v & S
 Pendulum: &% =[ l 5~ 2], 5=

~ Yp Sun (6 = K/ Vo —+ 5

A

\

* DC input: b(t) = b*

* DC solution: dx/dt = 0 — vy = 0, %sin(@) _ v b*

= sin(6)

ml

1

0.51

sin(f)
o

-0.51
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Pendulum: Inverted Solution

AR - v " N
@® Pendulum 2..-—>-“: — E_ gﬂ o= E,eb:l) th-.[ﬁofﬁ

* DC input: b(t) = b*
e DC solution: dx/dt =0 — vy = 0, %sin(e) _

1
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sin(f)
o
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Pendulum: Inverted Solution

P i & o g
@® Pendulum fl-—? — E_ wﬂ o= EZ]) T .[Eafﬁ

* DC input: b(t) = b*
e DC solution: dx/dt =0 — vy = 0, %sm(e) _

1

4 {Eﬂwbﬂ ".Q\Jf. .
L)

0.5

sin(f)
o

-0.51

4 5 6 i

& inverted position
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Inverted Pendulum: Linearization

o .._4.-? =] Ve - E,b:)a o= (b0
A€ b/, Son (©) — k‘/m Ve ""!"“:)

\
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Inverted Pendulum: Linearization

r'}

. Ax -| Ve

A€ — Yy S (0D — SV

\

o Ju(Z5,0) =

0
— 2 cos(63)

ﬂ - E’b], o= (bO)

1

k
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Inverted Pendulum: Linearization

r'}

. Ax -| Ve

A€ b/’ Con (©) — k‘/m Vg —+ 5

\

o Ju(Z5,0) =

0
— 2 cos(63)

1

k
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Inverted Pendulum: Linearization

dxX - rﬂ Vg = © o= () non-inverted
ble

= Iy S (©) — k‘/m Ve —+

\ R )
x. | ° Vol | ©
_ - _ | 10 % bl

o 0 17 [0
* Jo(T3,0) = —9 cos(03) L4 L
o d AT To  1][AeB] [0
| Inearization: — — A
eanization: T\ x| = |48 —£| |Av(e)] T |2 | AP0
Slide 11
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Inverted Pendulum: Linearization

r'}

o é—? = Vo * E’i )
A€ _'jft‘;"-;"tﬁ) - k‘/m Vg —+ 59
. B i 0 1 B 0
* Jo(T3,0) = — 9 cos(03) :fq, | +4
. . d [Ag(t)] [0
* | Inearization: — —
dt _A”Ue(t)_ _—l-%

non-inverted

Ab(t)
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Inverted Pendulum: Linearization

dx v S 0 o= () non-inverted
® J - ., % = E}b y W= (©) /
A€ =) Sun (©) — k‘/m Ve —+ 59
¢ X
| dz_ |2 ) lza fo
0 17 [o 1]k L* ™ =

o Ju(Z5,0) =

—feos(63) —l [+ -
. e d [AO() 11 0
° jon: — A
Linearizatio 0t | Avg(1) + B b(t)
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Pole & Cart (Inverted Pendulum ++)

e Slightly more complicated example

: (Hm
%
U
» M
Q)
Y
. 1 U Y _
j = —— | — +6°(sinf — ¢gsinb cosb
T Mo sin?g \m "‘
. 1 . M
0 = —Ecosﬁ—ﬁz(cosﬂsinﬁ | mqsinH
((% + sin” 6) m m €
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Pole & Cart (Inverted Pendulum ++)

e Slightly more complicated example

: (Hm
%
U
» M
QO
Y
. 1 U 9 ,
y=——>5-| - +0°sint — gsinbcost
M +sin” 60 \ m
. 1 . M
0 = — Ecosﬁ—624’(:0'5Hs;inl.‘;? | mqsinH
((%Jrsinzﬂ) 1 m

e — discussion / HW
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Stability

* Basic idea: perturb system a little from equilibrium
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Stability
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* More precisely:
 small perturbations — small responses
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Stability

* Basic idea: perturb system a little from equilibrium
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* More precisely:
 small perturbations — small responses

XGE)

e
N W)
~
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Stability

* Basic idea: perturb system a little from equilibrium
* does It come back? yes — STABLE

* More precisely:
 small perturbations — small responses

/~
“+o
N—
S
u:}:

t— t —
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Stability

* Basic idea: perturb system a little from equilibrium
* does it come back? yes — STABLE

* More precisely:
 small perturbations — small responses

S
S xr*
u” =P
/Au(t) «— small”
t —
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Stability
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Stability

* Basic idea: perturb system a little from equilibrium
* does it come back? yes — STABLE

* More precisely:
 small perturbations — small responses

+
— "
3 — L
K : T 3
u remains “small
Au(t) <——"small’
BIBO STABLE
BIBO = bounded input bounded output
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Stability (contd. - 2)

i

~,—

S’

=
X6
\ LE:‘F
L —>
|
|||
Slide 14
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Stability (contd. - 2)

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury)

u”

Au(t) =—"small’

*ﬂ‘v&watb*“v-“&v-ﬂ'v%éﬂ*

L=

—~ = + Ax(t)
25 Y

Mi*ﬁ\/f

I

Ay

\/t%

Slide 14



Stability (contd. - 2)

r* 4+ Ax(t)
Y1/

Mi*ﬁdf /

7 \/ -
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Stability (contd. - 2)

v
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Stability: the Scalar Case

* Analysis: start w scalar case: im(t) = aAx(t) + bAu(t)

> [already linear(ized); everything is real] at
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Stability: the Scalar Case

y /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)
> [already linear(ized); everything is real] at

L
e Solution: Az(t) = Az(0)e® + / e =T) bAU(T) dT
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]
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Stability: the Scalar Case

y /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)
> [already linear(ized); everything is real] at

Initial condition term\

L
e Solution: Ax(t) = Az(0)e™ +/ e =7 pAwu(r) dr
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]
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y /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)

R . . | . dt
> [.already !lf]ear(lzed), everything is real] nput term (convolution)
initial condition term\ rd J
t
e Solution: Az(t) = Az(0)e™ +/ e =T) bAU(T) dT —c" % (bAu(t))
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]

* The initial condition term: Az(0)e* . Say Ax(0) # 0.
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initial condition term\ pd J

t
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0
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Stability: the Scalar Case

y /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)

& - Stait W - dt
already linear(ized); everything is reall input term (convolution)

initial condition term\ pd J

t
e Solution: Az(t) = Az(0)e™ +/ e =T) bAU(T) dT —c" % (bAu(t))
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]

* The initial condition term: Az(0)e* . Say Ax(0) # 0.

a<0: dies down
STABLE

{-‘:t‘.“l ‘e —_—
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y /real
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initial condition term\ pd J

o Solution: Ax(t) = Az(0)e® + /t e =T) bAU(T) dT —c% % (bAu(t))
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Stability: the Scalar Case

] /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)

& - Stait W - dt
already linear(ized); everything is reall input term (convolution)

initial condition term\ pd J

t
e Solution: Az(t) = Az(0)e™ +/ e =T) bAU(T) dT —c" % (bAu(t))
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]
* The initial condition term: Az(0)e* . Say Ax(0) # 0.

a<0: dies down a>0: blows up
STABLE UNSTABLE
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-0 ‘e —_ ﬁ\_)' :
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Stability: the Scalar Case

] /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)

i RN Ot
[already linear(ized); everything is real] input term (convolution)

initial condition term\ pd J

t
e Solution: Az(t) = Az(0)e™ +/ e =T) bAU(T) dT —c" % (bAu(t))
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]
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Stability: the Scalar Case

y /real

 Analysis: start w scalar case: L Ax(t) = dAz(t) TbAu(t)

i RN Ot
[already linear(ized); everything is real] input term (convolution)

initial condition term\ pd J

t
e Solution: Az(t) = Az(0)e™ +/ e =T) bAU(T) dT —c" % (bAu(t))
0
* [obtained by, eg, the method of integrating factors (Piazza: @88)]
* The initial condition term: Az(0)e* . Say Ax(0) # 0.

a<0: dies down a>0: blows up a=0: stays the same
STABLE UNSTABLE MARGINALLY STABLE
Ax(®
AX) Ax©)
‘M)
£-0 L —> £y -
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Stability: Scalar Case (contd.)

o Solution: Az(t) = Az (0)e® + /t e 7)) pAu(T) dr —"" % (bAu(t))
0

T input term (convolution)
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Stability: Scalar Case (contd.)

o Solution: Az(t) = Az (0)e® + /t e 7)) pAu(T) dr —"" % (bAu(t))
0

e Can Show (see handwritten notes):‘\ input term (convolution)

o if a<0: e x (bAu(t)) bounded if Au(t) bounded: BIBO stable
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Stability: Scalar Case (contd.)

o Solution: Az(t) = Az (0)e® + /t e 7)) pAu(T) dr —"" % (bAu(t))
0

e Can Show (see handwritten notes):‘\ input term (convolution)

o if a<0: e x (bAu(t)) bounded if Au(t) bounded: BIBO stable
o if a>0: e % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 16



Stability: Scalar Case (contd.)

o Solution: Az(t) = Az (0)e® + /t e 7)) pAu(T) dr —"" % (bAu(t))
0

e Can Show (see handwritten notes):‘\ input term (convolution)

o if a<0: e x (bAu(t)) bounded if Au(t) bounded: BIBO stable
o if a>0: e % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE
o if a=0: e*" % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE
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Stability: Scalar Case (contd.)

o Solution: Az(t) = Az (0)e® + /t e 7)) pAu(T) dr —"" % (bAu(t))
0

e Can Show (see handwritten notes):‘\ input term (convolution)

o if a<0: e x (bAu(t)) bounded if Au(t) bounded: BIBO stable
o if a>0: e % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE
o if a=0: e*" % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE

a<0: BIBO STABLE

r” 4+ Ax(t)

/

e
ey
j >
T . -1-'+_
. 1'—{&1’% mlﬂ--—{,:—‘
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Stability: Scalar Case (contd.)

o Solution: Az(t) = Az (0)e® + /t e 7)) pAu(T) dr —"" % (bAu(t))
0

e Can Show (see handwritten notes):‘\ input term (convolution)

o if a<0: e x (bAu(t)) bounded if Au(t) bounded: BIBO stable
o if a>0: e % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE
o if a=0: e*" % (bAu(t)) unbounded even if Au(t) bounded: UNSTABLE

a<0: BIBO STABLE

a=0: UNSTABLE

r” 4+ Ax(t)

/

+
p—
j &

) . 1 dig
i 1'—5&1’% mlﬂ-——{,:—‘
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The Vector Case: Eigendecomposition

d
* [he vector case: - AZ(t) = AAZ(t) + BAd(t)

> [already linear(ized); everything is real]
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The Vector Case: Eigendecomposition

e The vector case: L Az(t) = AAF(E) + BAG(H)
dt N /

> [already linear(ized); everything is real] real matrices
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The Vector Case: Eigendecomposition

e The vector case: L Az(t) = AAF(E) + BAG(H)
dt N /

> [already linear(ized); everything is real] real matrices

e Can be "decomposed” into n scalar systems
* the key idea: to eigendecompose A
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The Vector Case: Eigendecomposition

e [he vector case: iAf(i) — Aﬁf(t) Sl BA’lf(t)
dt ~ /

> [already linear(ized); everything is real] real matrices

e Can be "decomposed” into n scalar systems
* the key idea: to eigendecompose A f time., move to xournal

* (recap) eigendecomposition: given an nxn matrix A:*

n
— —-1’

B
'.>\L_/\_~
N ﬁ = fl '.

— J L\l\ L “%“L-...

F

EE* diagonalization always possible if all eigenvalues distinct (assumed) Slide 17



The Vector Case: Eigendecomposition

d
e [he vector case: —Azx

> [already linear(ized); everything is real] real matrices
e Can be "decomposed” into n scalar systems

dt

(1)

N

* the key idea: to eigendecompose A
* (recap) eigendecomposition: given an nxn matrix A:*

eigenvectors

——

n

A

—

J

e
—

_..//

;\
1)\1‘_/\—\

EE* diagonalization always possible if all eigenvalues distinct (assumed)

— AAZ(t) + BA@(t)
/
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The Vector Case: Eigendecomposition

d
e [he vector case: —Azx

> [already linear(ized); everything is real] real matrices
e Can be "decomposed” into n scalar systems

dt

(1)

N

* the key idea: to eigendecompose A
* (recap) eigendecomposition: given an nxn matrix A:*

——

EE* diagonalization always possible if all eigenvalues distinct (assumed)

n

A

—

J

e
—

eigenvectors

_..//

~//

— AAZ(t) + BA@(t)
/

eigenvalues
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The Vector Case: Eigendecomposition

e [he vector case: iAf(i) — Aﬁf(t) Sl BA’lf(t)
dt ~ /

> [already linear(ized); everything is real] real matrices

e Can be "decomposed” into n scalar systems
* the key idea: to eigendecompose A

* (recap) eigendecomposition: given an nxn matrix A:*

eigenvectors eigenvalues

B ' ! r-'// 1 r""// —~
A - rlfm 3 P*‘
— J L\l\ L ‘>‘“L-...
— -1 -1 — _qr;\,,% —/L—-w
A H P j = H P j
i AR e o AB = A

~—d — ~ o~
1 =1, -
EE* diagonalization always possible if all eigenvalues distinct (assumed) Sllde 17



The Vector Case: Eigendecomposition

d
* The vector case: —AZ(t) = AAZ(t) + BAu(t)
dt ~ /
> [already linear(ized); everything is real] real matrices

e Can be "decomposed” into n scalar systems
* the key idea: to eigendecompose A

* (recap) eigendecomposition: given an nxn matrix A:*

eigenvectors eigenvalues

- 4 _-// . _// -
g A - rlfm b Pﬁ‘
— J L\l\ L ‘>‘“L-...
B -1 — — - = r';\‘% —/L—-w
A }»% P j\ = H( P__%

h N Aﬁz — )\zﬁz

~—d — ~ o~
1 =1, -
EE* diagonalization always possible if all eigenvalues distinct (assumed) Sllde 17



Eigendecomposition (contd.)

* eigenvalues and determinants
e AG = \pp
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Eigendecomposition (contd.)

* eigenvalues and determinants
e Ap=X\p = (A—-XN)p=0
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Eigendecomposition (contd.)

* eigenvalues and determinants

e A= p = |(A-XD|lp=0

must be singular in order to support a non-zero solution for p
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Eigendecomposition (contd.)

* eigenvalues and determinants

e A= p = |(A-XD|lp=0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0
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Eigendecomposition (contd.)

* eigenvalues and determinants

e A=\ < [(A= X =

0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0

e PA(A) = det(A — \I) = \"

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury)

Cn/\n—l

02/\
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Eigendecomposition (contd.)

* eigenvalues and determinants

e A= p = |(A-XD|lp=0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0

characteristic polynomial of A
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Eigendecomposition (contd.)

* eigenvalues and determinants
e A= \g S |[(A-XD)|lp=0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0

e pa()) =

characteristic polynomial of A

* the roots of the char. poly. are the eigenvalues
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Eigendecomposition (contd.)

* eigenvalues and determinants

e A= p = |(A-XD|lp=0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0

e pa()) =

characteristic polynomial of A

* the roots of the char. poly. are the eigenvalues
e factorized form: pa(A) = (A = A1)(A = A2) - (A = Ap)
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Eigendecomposition (contd.)

* eigenvalues and determinants
e A= p = |(A-XD|lp=0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0

e pa()) =

characteristic polynomial of A

* the roots of the char. poly. are the eigenvalues
e factorized form: pa(A\) = (A= A)(A=A2) - (A= An) =0
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Eigendecomposition (contd.)

* eigenvalues and determinants
e A= \g S |[(A-XD)|lp=0

must be singular in order to support a non-zero solution for p

e je.,det(A—AI)=0

e pa()) =

characteristic polynomial of A

* the roots of the char. poly. are the eigenvalues
e factorized form: pa(A) = A =X)(A=X2)--- (A=) =0
e In general, n roots — n eigenvalues {A,, A, ..., A }
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The Vector Case: Diagonalization

* Applying eigendecomposition: diagonalization

> (move to xournal) — A0 pEe s6R0 o e
A / et 11”; M; {ﬁh g
- — i Am ALY T ried A =~
_ — eise~dtcopue A As PO *f{::::i e "*r?
M,reﬂ &Y DY u—ﬂ Ab, fey
fijﬂf‘l - , Bby() — A& _ PP AR + R ERE)
ﬂh — = : A
I’i—- ! k ] \ \ . _, - =
’ = ) \ o (P ro inmhible) ¢ P A Exle) = (L P Ax) 4 PBARl)
d«b,u-) j N | L?.,.k—)_\ Lﬁ'\’“[t‘)_-.; s
— — s b (FAueY) = L (PAED +(Fa) &)
—_ : . . :Ejﬂ:: EY(€) , e, ﬁfﬁltn L P &) & Axm): PAYI)
Agile) = A0BYIE) - AbilE)
,—#"
dl" == _a}_Egm:ﬁijbﬂah (P E“)&Mﬂ
AE S, -~ e I e
coll Ahis ALY ia, Bp®)=(P BIEWID
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The Vector Case: Diagonalization

* Applying eigendecomposition: diagonalization

— AR _ A e + B Al PRV SR Al WA 157 HOW
“ T T
=) — i REALY = Raitted lole ==
— eisedtcopue A A= PP Ty Sebliidang sre iy ™
A IS & O3 Y | Abi ey 7
Ayt = : Ob () — A& - PP AR + B EnlE)
A , = : £ - nE
A\ : ) \ . S CuE PR
\ . . ; o (P imebible): P A ExlD = O P A+ PR AR
ﬁ*ﬁ-l**) ) | L)‘hi-‘)_l Lﬁ.’hh[t-)_._h =
— _E!___ (F;_Iﬁ'i”‘j) = _.'H._._ ['\ élﬁ[ft"r) 42 (?_Ht_‘l‘j Eﬁ"r\l
T

call Haig ET-JEH p e, -h_'ﬁ[t'j L P Ax (6) & Axr): ?,Efatﬂ

3 A4l = ABYIE) - AbiE)

dt’ — & Eﬁm = Jrﬁfbl%} + (@'p) AT &
e N— -
e coll 4nic BRIV ie, Bb®=(P'BYEWID

EQUIVALENT  DECOUPLED  SYSTEM

; 109,10
_l:_-“[ir-)—‘v{ ‘-\j, -:.'}‘qﬁjl-!-ﬂL‘H)i =

h\j:..-“'-)
A, | D=2 4y 2ty +hbakt [—

il | ARG

S - ) bg (Y
500 1 F) ld.j,,.;t Andy,+ Alayit) -—:-.,,..__

n ihdepenulcu-!'_— fdfm;;"‘*)ﬁcﬁuﬁ&
‘ E’n.fg'-flmg'
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Where We Were Before

continuous AND discrete systems

STATE SPACE H@
FORMULATION

Stability
Stability (vector case)
(scalar case, real)

eigendecomposition
C.T.: a<0 decouples/diagonalizes
the system into n scalar ones
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Stability: the Vector Case

o 4 A4ilEd = AIBYIE) - AbilH)
o\l i=1,-.n
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Stability: the Vector Case

o 4 A4ile) = AIBYIE) - Abilk)
o\l i=1,-.n

e System stable if each system is stable
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Stability: the Vector Case

o J A4ile) = AIBYIE) - Abilt) A < 0

I\l i=1,--.n /

e System stable if each system is stable
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Stability: the Vector Case

o 4 A‘ji["3 - X A\Bi({.) 4 Ab;|#) provided A;is REAL—___._)\?: < ()

o\l i=1,---.m /

e System stable if each system is stable
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Stability: the Vector Case

o 4 A‘ji“'3 - X A\Bi({_) 4 Ab;|#) provided A;is REAL—_......_)\?: < ()

o\l i=1,---.m /

e System stable if each system is stable

e Complication: eigenvalues can be complex
* reason: real matrices A can have complex eigen{vals,vecs}
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Stability: the Vector Case

o 4 A‘ji“'3 - X A\Bi({_) 4 Ab;|#) provided A;is REAL—_......_)\?: < ()
I\

1=1,---.n /
e System stable if each system is stable

e Complication: eigenvalues can be complex

* reason: real matrices A can have complex eigen{vals,vecs}
* examples: (also demo in MATLAB)

_rL_ &
J
-

S R L [ (Y

P

-\
A P
(41 ~1 -1 ) -3 '
> O \ RX - B> = z _ { *‘L)
e bl : \ -\
— ¢ & =L &

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury)

\
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Stability: the Vector Case (contd.)

* It A real, eigen{v,v}s come in complex conjugate pairs
* Ap; = \ipi = Api = Aipi = Api = Ai pi
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* Internal quantities in the decomposition come In conjugate pairs
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* Internal quantities in the decomposition come In conjugate pairs

> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay (t)
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* Internal quantities in the decomposition come In conjugate pairs

> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay (t)
AZ(t) =PAG(t) = Y 5ilyi(t)
1=1

— ﬁlAyl (t) R ﬁQA?JZ (t) + ﬁSAy‘S (t) Tt ﬁ”Ayn(t)
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* Internal quantities in the decomposition come In conjugate pairs

> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay (t)

Af(t) :ij’(t) — Z@Ayi(t) real (say)
real (say) i=1 4
— ﬁleyl (t) + ﬁQA?JZ (t) + ﬁSAy‘S (t) T _’”Ayn (t)
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* Internal quantities in the decomposition come In conjugate pairs

> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay(t)

AZ(t) =PAy(t) = Zﬁ%Ay@(t) complex conjugate

- pair (say): sum is real real (say)
real_fsay) i—1 —*/ \4 {
= p1 Ay (t) + poAys(t) + p3Ays(t) + - - - + pnAy, (t)
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* Internal quantities in the decomposition come In conjugate pairs

> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay(t)

AZ(t) =PAg(t) = Z P;Ay;(t) complex conjugate

A — pair (say): sumis real '€ al (say)
always real realjsay) =1 _}/ \_} /
= p1Ay1(t) + p2Aya(t) + p3Ays(t) + - - + PrAyn(t)
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Stability: the Vector Case (contd.)

* If A real, eigen{v,v}s come in complex conjugate pairs
° Ap; = \ipi = Ap; = A\ipi = Api = A\ip;

* Implications (details in handwritten notes)
* internal quantities in the decomposition come Iin conjugate pairs

> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay(t)

AZ(t) :PAﬁ(t) __ Zﬁ%Ay«g(t) complex conjugate \

) __ pair (say): sum is real real (say
always real real_&ay) =1 ) / \4 _*
— P1 Ayl (t) + pzﬁyg (t) + p3Ay3 (t) + ...+ pnAyn (t)

oL
Ayl (O)E'Xlt + / EM (t=7) Abl (T) dr

0

just like the real scalar case
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Stability: the Vector Case (contd.)

* |If A real, eigen{v,v}s come in complex conjugate pairs
* Ap; = A\iDi = ApDi = N\ip; = Ap; = A p;
* Implications (details in handwritten notes)

* internal quantities in the decomposition come in conjugate pairs
> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay(t)

AZ(t) :PAﬁ(t) __ Zﬁ%Ay«g(t) complex conjugate \

) __ pair (say): sum is real real (say
always real real_&ay) =1 ) / \4 _*
— P1 Ayl (t) + pzﬁyg (t) + p3Ay3 (t) + ...+ pnAyn (t)

S ——
it component / derived from |¥8
of vector

1 AYQ(O) and 52
Ayl (O)E'Xlt -+ / EM (E_T) Abl (T) d’?‘ , ‘
0

et [cos(N\it) Agi; (0)+ sin(A\t) Agi;(0) +
{6}“,.46 COS()\J)} {Abij t)} =S {6)“ tbln()\ t } >i< Abtj t)}

derwed from /

t) and ps
EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 22
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Stability: the Vector Case (contd.)

* |If A real, eigen{v,v}s come in complex conjugate pairs
* Ap; = A\iDi = ApDi = N\ip; = Ap; = A p;
* Implications (details in handwritten notes)

* internal quantities in the decomposition come in conjugate pairs
> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay(t)

AZ(t) :PAﬁ(t) __ Zﬁ%Ay«g(t) complex conjugate \

A real (say) o1 /pair (say): sum is real real (say
always real y) = \ 4

= PAY1 () + PoAya(t) + PsAys(t) + - - + P Ayn (2)
%—/

jt component/ derived from )\ + )\ )\ — )\3

of vector

it Ay.(0) and ps IC t
Ayl (0)6)\11& i /D 6)\1 (t—71) Abl (T) dT , ‘ \ / erm

et [cos(Nit) Agi; (0)+ sin(A\st) Agi; (0) +
{6}“,.46 COS()\J)} {Abij }_|- {6)“ i .5111()\ t } >i< tj t)}

derlved from /

t) and ps
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Stability: the Vector Case (contd.)

* |If A real, eigen{v,v}s come in complex conjugate pairs
* Ap; = A\iDi = ApDi = N\ip; = Ap; = A p;
* Implications (details in handwritten notes)

* internal quantities in the decomposition come in conjugate pairs
> the cols of P p;, rows of P, Ab(t), the eigenvalues \;, Ay(t)

AZ(t) :PAﬁ(t) __ Zﬁ%Ay«g(t) complex conjugate \

air (say): sum is real real (say
Vo real(say) o PR (say
always real

= PAY1 () + PoAya(t) + PsAys(t) + - - + P Ayn (2)
%—/

jth component/ derived from )\?«- + )\?; — )\2 — )\3
it of vector Ay,(0) and pa IC term
Ayl(o)\e)\]t_i_/ 6)\1(12—1") Abl(r) dr , ‘ \ /
— - et [cos(Nit) Agi; (0)+ sin(A\st) Agi; (0) +
just like the real scalar case 8 A
{e}\rt COS()\@I?)} % {Abij(t)} -+ {8)"*‘15 Siﬂ()\it)} . {Abij (t)}

input term (convolution) / \ derived from /

Ab,(t) and p-
EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 22



Stability: the Vector Case (contd. - 2)

e |nitial condition terms: e’ [cos(\it) A7 (0) + sin(Ait) Az (0)]
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Stability: the Vector Case (contd. - 2)

e |nitial condition terms: e’ [cos(\it) A7 (0) + sin(Ait) Az (0)]

/. <0: envelope dies down A >0: envelope blows up A =0: const. envelope

STABLE UNSTABLE MARGINALLY STABLE
| 1
hy 7 (
\ %y b = ~ - “ '!'93 hh“ﬂ.___._ - ff_\\ - —
N v e— =N £) | \
| . UF\/X\J f | k

a |
II.' e — — II ‘\/ U I'I f I'.
— II ¥ 1
_ i \ \
- } = s \\J III'\ |'IlIIr 1'

.
=
| ~
.-'..

N
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Stability: the Vector Case (contd. - 2)

e |nitial condition terms: e’ [cos(\it) A7 (0) + sin(Ait) Az (0)]

/. <0: envelope dies down A >0: envelope blows up A =0: const. envelope

STABLE UNSTABLE MARGINALLY STABLE
| 1
Ay & % e
\ = : “ .ﬂ"“x S _f"’f_ A
\\ /T’i . - A Agf com (%) \ le— co ()
N = v e— (i &) | 5
_. | ﬁkjé‘t H f 7\ \ | |
= - ‘}Z — U / H‘l
| Y, \ | N
N
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Stability: the Vector Case (contd. - 2)

e |nitial condition terms: e*" [cos(Ait) A7 (0) + sin(Ait) Ag;;(0)]
A.<0: envelope dies down A >0: envelope blows up A =0: const. envelope

STABLE UNSTABLE MARGINALLY STABLE
St o
\ S e = # ﬂ,:ff com (W) I,.f';f \ {-—— co (36
| \ /\ N TR o= (nib) ﬂ f\ ( R"*.l
R - T
| ) \\J \ L \,w 1_\_7_/ o
N

O |nput conv. terms: {e}‘ “cos(\ t {Abw(t } + {e)‘ sin()\; t)} X {Agw(t)}
* can show (see notes) that:

> if A <0: AZ(t) bounded if Au(t) bounded: BIBO stable
> |f 7\.r>02 AZ(t) unbounded even if Au(t) bounded: UNSTABLE
> |f 7\.r=02 AZ(t) unbounded even if Au(t) bounded: UNSTABLE
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Stability: the Vector Case (contd. - 2)

e |nitial condition terms: e*" [cos(Ait) A7 (0) + sin(Ait) Ag;;(0)]
A.<0: envelope dies down A >0: envelope blows up A =0: const. envelope

STABLE UNSTABLE MARGINALLY STABLE
' 1
3 = ~ - = = = 7 ‘(: -~
/T : i 7\ - . ’ le— co (36
— o= (Nit) 'n,\ | \
1 ﬁ E\/L - TT . l |I i
= v, 1

| - " - M\J \ | \m, ‘}_7_/_ -

AN

* Input conv. terms: {*" cos(\it)} * {Agij(t)} + {eM sin(\it) | {AE@ (t)}
e can show (see notes) that: same as for real eigenvalues, but

the real parts of complex eigenvalues

> if A <0: AZ(t) bounded if Au(t) bounded: BIBO stable
> |f ?\.r>02 AZ(t) unbounded even if Au(t) bounded: UNSTABLE
> |f 7\.r=02 AZ(t) unbounded even if Au(t) bounded: UNSTABLE
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

4)

EE16B, Spring 2018, Lectures on Linearnzauon ana stapiity (Koycnowanury) Slide 24



Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

L
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

L
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

L
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

complex, +ve real part

L
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

L

EE16B, Spring 2018, Lectures on Linearizauon ana Staoinity (Koycnowanury)

complex, +ve real part
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

EE16B, Spring 2018, Lectures on Linearizauon ana Staoinity (Koycnowanury)

complex, +ve real part

l, positive
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Eigenvalues and Responses (continuous)

complex plane for plotting eigenvalues

complex, +ve real part

l, positive

al - - 0 05 ; 15 2 92§ 13 35 4 45 §
0.k 1 1.5 2 &h | 35 | 5 E

fime
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Eigenvalues of Linearized Pendulum

* (move to xournal)
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Eigenvalues of Linearized Pendulum
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Eigenvalues of Linearized Pendulum
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Eigenvalues of Linearized Pendulum
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plot eigenvalues as k changes
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Eigenvalues of Linearized Pendulum
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plot eigenvalues as k changes
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Eigenvalues of Inverted Pendulum

.A:JLI?: .
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Eigenvalues of Inverted Pendulum
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Eigenvalues of Inverted Pendulum

k
always real, always greater than .
m
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Eigenvalues of Inverted Pendulum

k
always real, always greater than .
m

ohe eigenvalue always positive!
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Eigenvalues of Inverted Pendulum

k
always real, always greater than .
m

ohe eigenvalue always positive!

always unstable!
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Eigenvalues of Inverted Pendulum

k
always real, always greater than .
m

ohe eigenvalue always positive!

always unstable!
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Stability for Discrete Time Systems

* [he scalar case: Az[t + 1] = aAz[t] + bAult], IC AX[O]
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Stability for Discrete Time Systems

real
/

e The scalar case: Azft + 1] = ¢Az[t] ThAu[t], IC AX[O]
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Stability for Discrete Time Systems

real
pd
e The scalar case: Azt + 1] = aAzft] TbAu[t], IC AX[O]
> [already linear(ized); everything is real]
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Stability for Discrete Time Systems

real
e
e The scalar case: Azt + 1] = @Az[t] TAuft], IC AX[0]
> [already linear(ized); everything is real] ¢ oo mome e

OF[L] = o (] ¥ bALL] = ARG + b duld] + bbwl(]

> (move to xournal?) €510 aup & ovpgabberd + olAaCae S ANETY aLsnCs bAuEH)

— Ariel = EF-E*H“]"- ‘fl'if-il""-ﬁ"’-l:*_l"" ﬂE-l‘uﬂ'L‘*Ul* -4 ek Aefe-2] 4 CAuCe-d

t
o Axt] = a'Ax[0] + Z a' " "bAui — 1] “"*L%—i: .
i=1
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1] = a‘gx[t] +\bAu[t], |C AX[O]
> [already linear(ized); everything is real] ¢ = o oo eee

I::E-'F["-'_;ll = o By(i] ‘I'{ﬂ,ﬂ.l..u,[l.—i = ﬂ'}-ﬂ':‘[ﬂ + el .&-h'l'_{] + hﬁ“[i—_ll

E=7 A%¥[3] = e Ay * bbw(] - o Onler otb AunlEl ¢ ol AnTiJ+ bAuwla]

e AR[E] = oTAN(g e o b AuLy b ﬂE-l'q:f-"ul[.i-{\'-l"l' -4 ek Aefe-2] 4 CAuCe-d

B
o Azft] = a'Az[0] 4 ) a'"'bAuli — 1] s e
1=1

L] _-..1-'[ -‘[‘im . -
4o ‘ii“ﬁmhﬂ = ik { i,
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1] = a‘gx[t] +\bAu[t], |C AX[O]
> [already linear(ized); everything is real] ¢ = o oo eee

I::E-'F["-'_;ll = o By(i] ‘I'{ﬂ,ﬂ.l..u,[l.—i = ﬂ'}-ﬂ':‘[ﬂ + el .&-h'l'_{] + hﬁ“[i—_ll

E=7 A%¥[3] = e Ay * bbw(] - o Onler otb AunlEl ¢ ol AnTiJ+ bAuwla]

t b A = o R e AT S AL+ -+ b Ane-] 4 L AwCe-
. £, e
tA t—?, bA * = qf"itsf[,b] . %’; o b Awli-1)
o Azt =a"'Az|0] + ) a ult — 1] Sl LA
£ oo A seashe -Fme = it .
/ i=1

IC term
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1] = a‘gx[t] +\bAu[t], |C AX[O]
> [already linear(ized); everything is real] ¢ = o oo eee

I::E-'F["-'_;ll = o By(i] ‘I'{ﬂ,ﬂ.l..u,[l.—i = ﬂ'}-ﬂ':‘[ﬂ + el .&-h'l'_{] + hﬁ“[i—_ll

E=7 A%¥[3] = e Ay * bbw(] - o Onler otb AunlEl ¢ ol AnTiJ+ bAuwla]

e AR[E] = oTAN(g e o b AuLy b ﬂE-l'q:f-"ul[.i-{\'-l"l' -4 ek Aefe-2] 4 CAuCe-d

t
o Azlt] =a'Az[0]+ ) a'"'bAuli — ] i S
benm RIS = input foim
/ = \
iInput term (discrete convolution)

|C term
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1] = a‘gx[t] +\bAu[t], |C AX[O]
> [already linear(ized); everything is real] ¢ = o oo eee

OF[L] = o (] ¥ bALL] = ARG + b duld] + bbwl(]

E=7: A¥[3] = a Ay[] + bbul] = o Onyt ot AnlEl ¢ e L AnT ]+ bAwTz]

e AR[E] = oTAN(g e o b AuLy b .:f:'lluﬁm{q«r -4 ek Aefe-2] 4 CAuCe-d

t
o Azft] =/a'Ax[0] + )  a""bAuli - ]] ~¢m-F Dises
beom AT < inget dom
/ i=1 \
iInput term (discrete convolution)

IC term
* |nitial Condition term: a‘Axz[0]
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1| = a‘gx[t] +\bAu[t], |IC AX|[O]
> [already linear(ized); everything is real]  ¢=  w oo eoe

OFL] = o (] ¥ bALDT] = AR + b duld] + bAwl(]

k=2 O¥[3] = & b¥R] 4 biwe[] = o Ba Gt otk AT 4 a L AnD]+ bAula]

; — XD = afbxig o @ b Au WU+ - 4 abBr{e-7] + LAuwCed
o Azft] =/a'Az[0] + Y a'"bAuli — ] i
P o e
/ 1=1 \
iInput term (discrete convolution)

|IC term

e |nitial Condition term: a"Axz[0]

O<a<1: dies down .1<a<0: dies down @a>1: blows up a<-1:blows up  g=1:constant a=-1: constant
STABLE STABLE UNSTABLE UNSTABLE MARGINALLY STABLE MARGINALLY STABLE

”HT TTTT:'. EL-“E'FHTTTTTTTT]]]

e e |
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1| = a‘gx[t] +\bAu[t], |IC AX|[O]
> [already linear(ized); everything is real]  ¢=  w oo eoe

OFL] = o (] ¥ bALDT] = AR + b duld] + bAwl(]

k=2 O¥[3] = & b¥R] 4 biwe[] = o Ba Gt otk AT 4 a L AnD]+ bAula]

L—— A Y] = a¥Auis] + LA Sl + a’f LARL]+ - "4 wbArle-2] + CAuCe-i]

7
o Azt] = a'Ax|0] + Z a' ""bAufi — 1] T f_fﬁ_q
/ = - =
iInput term (discrete convolution)

|IC term

e |nitial Condition term: a"Axz[0]

0

ey e
-1 1

O<a<1: dies down .1<a<0: dies down @a>1: blows up a<-1:blows up  g=1:constant a=-1: constant
STABLE STABLE UNSTABLE UNSTABLE MARGINALLY STABLE MARGINALLY STABLE
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1| = a‘gx[t] +\bAu[t], |IC AX|[O]
> [already linear(ized); everything is real]  ¢=  w oo eoe

OFL] = o (] ¥ bALDT] = AR + b duld] + bAwl(]

k=2 O¥[3] = & b¥R] 4 biwe[] = o Ba Gt otk AT 4 a L AnD]+ bAula]

L—— A Y] = a¥Auis] + LA Sl + a’f LARL]+ - "4 wbArle-2] + CAuCe-i]
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o Azt] = a'Ax|0] + Z a' ""bAufi — 1] T f_fﬁ_q
/ = - =
iInput term (discrete convolution)

|IC term

e |nitial Condition term: a"Axz[0]
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O<a<1: dies down .1<a<0: dies down @a>1: blows up a<-1:blows up  g=1:constant a=-1: constant
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1| = a‘gx[t] +\bAu[t], |IC AX|[O]
> [already linear(ized); everything is real]  ¢=  w oo eoe

OFL] = o (] ¥ bALDT] = AR + b duld] + bAwl(]

k=2 O¥[3] = & b¥R] 4 biwe[] = o Ba Gt otk AT 4 a L AnD]+ bAula]

L—— A Y] = a¥Auis] + LA Sl + a’f LARL]+ - "4 wbArle-2] + CAuCe-i]

7
o Azt] = a'Ax|0] + Z a' ""bAufi — 1] T f_fﬁ_q
/ = - =
iInput term (discrete convolution)

|IC term

e |nitial Condition term: a"Axz[0]

O
S
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O<a<1: dies down .1<a<0: dies down @a>1: blows up a<-1:blows up  g=1:constant a=-1: constant
STABLE STABLE UNSTABLE UNSTABLE MARGINALLY STABLE MARGINALLY STABLE
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1| = a‘A/.:c[t] +\bAu[t], |IC AX|[O]
> [already linear(ized); everything is real]  ¢=  w oo eoe

OFL] = o (] ¥ bALDT] = AR + b duld] + bAwl(]

E=12. ﬂ""*'[:ﬂ. = mﬁf'[?_'l"ft'-"ﬁ'-"-[l] - ﬁ‘!ﬁﬁh{:‘j-& o b Al 4 “‘pfhh'[l]-i- Ldutt'j

e AR = o Mg & b AuL ﬂE-ihﬁh[mjﬁ 4 b Anfe-2] 4 L A6 Ce-]

7
o Azft] =a'Az[0] + ) o' *bAufi —]] R
fem Al TE = inpet fom
iInput term (discrete convolution)

|IC term

e |nitial Condition term: a"Axz[0]

0
e e

UNSTABLE -1 STABLE STABLE 1 UNSTABLE
O<a<1:dies down -1<a<0: dies down a>1:blowsup  a<-1:blowsup  g=1:constant a=-1: constant
STABLE STABLE UNSTABLE UNSTABLE  MARGINALLY STABLE MARGINALLY STABLE
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Stability for Discrete Time Systems
real
e [he scalar case: Ax|t + 1| = a‘A/.:c[t] +\bAu[t], |IC AX|[O]
> [already linear(ized); everything is real]  ¢=  w oo eoe

OFL] = o (] ¥ bALDT] = AR + b duld] + bAwl(]

E=2: O¥[3] = o A¥[] + bbn[ = o OAGIt o'k ARl 4 a L AT+ bAula]
L b AXED = o heeg v Eif:h-ﬂ'-h{~j_'.4r o LAY+ - -+ ab Anfe-] 4+ L AuCed
o Azft] =a'Az[0] + ) o' *bAufi —]] i
/ — \ o T v o
|IC term input term (discrete convolution)

e |nitial Condition term: a"Axz[0]

MARGINALLY STABLE MARGINALLY STABLE
l OI l
UNSTABLE -1 STABLE STABLE 1 UNSTABLE
O<a<1:dies down -1<a<0: dies down a>1:blowsup  a<-1:blowsup  g=1:constant a=-1: constant
STABLE STABLE UNSTABLE UNSTABLE  MARGINALLY STABLE MARGINALLY STABLE
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Scalar Discrete-Time Stability (contd.)

o Solution: Az[t] = aAz[0] + Z a' 'bAulfi — 1]

\input term (d. convolution)
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Scalar Discrete-Time Stability (contd.)

e Solution: Az[t] = a*Az[0] + Z ipAufi — 1]

e Can show (see handwrltten notes) \mput term (d. convolution)
e if [al<1: Ax(t) bounded if Au(t) bounded: BIBO stable

al<1: BIBO STABLE

e —— = x* + Ax(t)
| w4+ Au(t) ? \
\‘"i-:‘“; Wi r(t+ 1) = Xir)
3 / /—> e a7~ e S | 1
”_'ﬂ t +¢+1
. ¢l s
/rifu.(f) Azt
? o1
- T3 1t 1 ¢ — 1
t —
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Scalar Discrete-Time Stability (contd.)

o Solution: Az[t] = aAz[0] + Z "bAuli — 1]

e Can show (see handwrltten notes) \mput term (d. convolution)
e if [al<1: Ax(t) bounded if Au(t) bounded: BIBO stable
e if [a|>1: AX(t) unbounded even if Au(t) bounded: UNSTABLE
e if [a|=1: AX(t) unbounded even if Au(t) bounded: UNSTABLE

a|<1: BIBO STABLE

[ | S ™+ Ax(t)
| AN :..f \
= wiy Jelt+1) = ()
3 / ] B & I Y &
/—> 1 1
u.ﬂl ! I t 1 T3 _
/&u{_f} Ax(t
t I : I ry 1 | j T : 1 5 1 T
I —

al=1: UNSTABLE
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e The vector case: AZ[t + 1| = AAZ|[t] + BAu|t]
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

real matrices
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

> [already linear(ized); everything is real] real matrices
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

> [already linear(ized); everything is real] real matrices

e Eigendecompose A: A = PAP™!
e Define: Ajlt] 2 PIAZH] <  AZl] 2 PAGY
e AD[t] 2 P7IAG]
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

> [already linear(ized); everything is real] real matrices

e Eigendecompose A: A = PAP™!
e Define: AJt] 2 P-IAZ[] <« AZ[t] 2 PAj]

o AB[t] £ PTIAG[t] R
e Decomposed system: Ag;[t + 1] = i Aglt] + Ab;[¢]
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

> [already linear(ized); everything is real] real matrices

* Eigendecompose A: A = PAP™!
e Define: Ajlt] 2 PIAZH] <  AZ[] £ PAGY
° Ag[t] = P_lAﬁ[t] sc:lalar 1=1,---,n

e Decomposed system: Ag;[t + 1] = i Aglt] + Ab;[¢]
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

> [already linear(ized); everything is real] real matrices
e Eigendecompose A: A = PAP~!
e Define: Ajlt] 2 PIAZ[t] <«  AZ[t] 2 PA§Y
« Ab[t] £ P~ AG[] scalar o

e Decomposed system: Ag;[t + 1] = i Aglt] + Ab;[¢]
e SAaMe as scalar case, but A now complex
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* The vector case: Az|t + 1| = A\Af[t] + /BA@’[t]

> [already linear(ized); everything is real] real matrices
e Eigendecompose A: A = PAP~!
e Define: Aylt]| 2 P 'AZ[t] < AZ[t] = PAylt]
o AB[t] £ PTIAG[t] scalar o
e Decomposed system: Ag;[t + 1] = i Aglt] + Ab;[¢]
e SAaMe as scalar case, but A now complex

* same form for AZ|t| as for the continuous case
> complex conjugate terms always present in pairs — AZ|t| real
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Discrete Time Stability: the Vector Case

* The vector case: Az|t + 1| = A\Af[t] + /BAfaj‘[t]

> [already linear(ized); everything is real] real matrices

e Eigendecompose A: A = PAP™!
e Define: Ayft]| = P 'AZ[t] < AZ[t] £ PAyt]
o Ag[t] 2 P_lAﬁ[t] scalar

| i=1,,n
e Decomposed system: Ayt + 1] = \;Aylt] + Ab;[t]
e SAaMe as scalar case, but A now complex

* same form for AZ|t| as for the continuous case
> complex conjugate terms always present in pairs — AZ|t| real

e Stability:
* BIBO stable iff |A\;| <1, i=1,... .n
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

EE16B, Spring 2018, Lectures on Linearization and Stability (Roychowdhury) Slide 30



Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

real, negative, magnitude < 1
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

real, negative, magnitude < 1
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

real, negative, magnitude > 1

TiTlTlTlTlTJHH] | 7

real, negative, magnitude < 1

| lWJXJTlTlTlTlTiT :
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

88— 08— 8 00— 8 OO0
2 i f 10 12 14 i !

real, negative, magnitude > 1

tiTlTlTlTlTJXJWJ] |

real, negative, magnitude < 1

| lXJXjTlTlTlTlT*T :
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

88— 08— 8 00— 8 OO0
2 i f 10 12 14 i !

real, negative, magnitude > 1

tiTlTlTlTlTJXJWJ] |

real, negative, magnitude < 1

| lXJXjTlTlTlTlT*T :
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

complex, magnitude < 1, theta small

real, negative, magnitude =1
:ﬂ—ﬂ-—ﬂ—-ﬂ-—-‘F . = —

/| J“lml*rm Pt

real, negative, magnitude > 1

tiTlTlTlTlTJXJIJ] |

real, negative, magnitude < 1

| lXJXjTlTlTlTlT*T :
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues

real, negative, magnitude = 1
:ﬂ—ﬂ-—ﬂ—-ﬂ-—-‘F . = —

/| JGJH[V ﬂ T t CEITT

T8 8 8 & & o & & oo |
=] d [ | 100 12 14 18 +f

real, negative, magnitude > 1

real, negative, magnitude < 1
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Eigenvalues and IC Responses (discrete)

complex plane for plotting eigenvalues
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Eigenvalues and IC Responses (discrete)
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Eigenvalues and IC Responses (discrete)

mggmglgﬁmglane for plotting eigenvalues

real, pasitive, magnitude = 1
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Eigenvalues and IC Responses (discrete)

mggmglgﬁmglane for plotting eigenvalues
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Eigenvalues and IC Responses (discrete)
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e | Inearization

e scalar and vector cases
> example: pendulum, (pole-cart)

e Stability
e scalar and vector cases

> continuous: real parts of eigenvalues determine stability
* pendulum: stable and unstable equilibria

» eigenvalue vs friction plots (root-locus plots)
> discrete: magnitudes of eigenvalues determine stability
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